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The frequency charac te r i s t i cs  of a temperature  integrator  are determined. The calculations 
have been verified experimentally.  

Thermal  noise in a s t r eam of a heat car ry ing  fluid is suppressed by means of tempera ture  in tegrators  
(TI). On account of the ra ther  high thermal  diffusivity of the mater ia l  used in these devices,  the heat con- 
tent of the s t r eam is distributed over the entire volume of such a device. As a result ,  the amplitude of 
thermal  perturbations in the heat c a r r i e r  becomes lower at the exit f rom than at the entrance to a t em-  
perature  integrator .  

The problem of noise suppress ion was considered in [1] with a temperature  integrator  of an in-  
finitely high thermal  diffusivity. A more  r igorous analysis requires  that p rocesses  in the s p a c e - t i m e  
domain inside the temperature  in tegrator  also be taken into account. 

The model of a temperature  in tegrator  selected for this analysis consists  of a rectangular  s tr ip 
(!ength b, width l, thickness m) made of a heat conducting mater ia l  and wetted on one side by the heat c a r -  
tying fluid. The problem is solved under the following assumptions:  a) the heat c a r r i e r  mixes thoroughly 
ac ross  a t r ansverse  section; b) the thermal  conductivity of the heat c a r r i e r  is zero;  c) the temperature  of 
the conductor mater ia l  is uniform over a t r ansverse  section; and d) energy enters and leaves the t empera -  
ture in tegrator  only with the s t r eam of heat ca r r i e r .  

On the basis of these assumptions,  the dynamics of the thermal  processes  in a tempera ture  in tegra tor  
can be descr ibed by two differentia[ equations: 

or  c_f 
- -  cyv dxdt = 07" dxdt -[- aI (T - -  U) dxdt; 

Ox b Ot 

kml 02U- dxdt + aI (T - -  U) dxdl -- Cm OU dxdt. 
Ox 2 b Ot 

We introduce the quantities 

r kmbl 
, a 2 -- , T f -- 

~ - -  c?v C m 

The differential equations can then be t ransformed into: 

Cf C m 
__ _ _ _ ,  T m- . 

c?v c?v 

b aT aT a-~- -+ ~f -~- + ~ (T --  U) = 0, (1) 

dU ~ a2 d W  
at ax 2 ', (T - -  U). (2) 

T, m 

The solution to our problem will be sought for zero  initial and boundary conditions which follows 
f rom the preceding assumptions:  
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T (x, O) -= O, U (x, O) = 0 

and 

a u  (o. t) = o. a u  (b. 0 _ o. 
ax ax 

T (0, t) = T o (/), T (b, i) = T e (t). 

For  a solution to the problem, we apply the Laplace t ransformat ion to (1) and (2). Subsequent alge- 
braic operations in (1) and (2) yield 

dTL(X, p) ~_.P~f -t-~ TL(X, p ) =  - -~Ui: (x ,p) ,  
dx b 

(3) 

(4) 

With the aid of (3), we express  the t ransform of function Te(t ) in te rms  of the t ransforms of func- 
tions U(x, t) and T0(t ) [2]: 

b 

T e:(p) = T 6 (p) exp (-- 8b) + ~-  exp (-- ~b) f UL (x, p) exp (Sx) dx, 

0 

(5) 

where 

6 - -  P~f:+~" 
b 

The temperature  distribution U(x, p) will be found from the equation 

d3UL(X, p) ~_p~f-+~ d~'UL(X, p) p~m-[-~J dUt.(x, p) 
dx a b dx 2 a2T m dx 

+ [[~--(P~mF6)(P'~f + 8 ) ]  UL(x, p ) = 0 ,  
a2~m b 

(6) 

which is obtained by eliminating TL(X , p) f rom sys tem (3)-(4). 

Solving Eq. (6) with the boundary conditions 

OU (O, t) _~ OU (b, t) = O, 
8x Ox 

which correspond to a thermal  insulation of the TI end surfaces,  

b 

j ' UL (X, p) dx = 

0 

then considering the relation 

[~b [T e (p) --  T o (p) ] 

1~ * - -  (pTf~ + ~) (Peru+ 1~) 

obtained f rom (3)-(4) and expressing the Law of Energy Conservation applied to a temperature  integrator,  
andf inal ly inser t ingthe  resul t  into (5), we find 

To(p) = r o (p) exp ( .  6b) + [T e (p) - -  T o (p) ] M (p), (7) 

where 

N(p), 
M (p) = ~2 __ (PTrn_ [_ [~) (pTf -~- [}) 

( r~r, [exp ( @ ) -  exp (@)] [exp (~10 - cxo ( -  ~b)] 
N (p).= trl + 

rxra [exp (rlb) - -  exp (rab)] [exp(r2b ) exp (-- 6b)] 
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qr~ } { r e r  a 
q- r ~  [exp (Qb) - -  exp (qb)] [exp (rab) - -  exp (-- 6b)] G [exp (rab) - -  exp (r2b)] [exp (qb) - -  i ] 

-t-- qra [exp if,b) -- exp (rab)] [exp (reb) -- 1] + rlr~ [exp (Qb) -- exp (rib)] [exp (tab) - -  1]/Tx 
r 2 ,r 3 / 

where  r l ,  r2, and r a a re  the roo t s  of the c h a r a c t e r i s t i c  equat ion 

y , -~P~f+~f  P ~ + ~ y  P~Tm~f+Pg(~m+~f)=0. 
b ae'~m a~zmb 

F r o m  (7) we find the t r an s i en t  c h a r a c t e r i s t i c  of a t e m p e r a t u r e  i n t eg ra to r  in the f o r m  

Te (P) -- exp (-- 6b) - -  [P [1 - -  exp (-- 6b) IN (p) 
K (p) -- To (p) (P~m § [~)(PT ! + g)-- g~ -k ~eN (p)" 

(Ta) 

(8) 

Let t ing  p = iw in (8), accord ing  to the s tandard  p r o c e d u r e ,  we obtain an e x p r e s s i o n  f o r  the f r e q u e n c y  
c h a r a c t e r i s t i c  of a t e m p e r a t u r e  in t eg ra to r :  

[8 e [1 -- exp (-- ~; -- imT f)] N (ira) (9) 
K (ira) = exp (-- ~ --- Roof) - -  _ o)2Tm.Cf -}- io)~ ('~rn- [- Tf ) -t 2 BeN (i0)) 

and an equat ion fo r  finding the roo t s  r l ,  r2, r a in N(iw): 

(~_ % )  ( a e @  m i(o) coe'Cm i (ofi(~f @'Cm)=0" (10) 
ya q_ q- i y - -  + ~ y , aZb a~Tmlb 

It fol lows f r o m  (9) that the m a x i m u m  fac to r  of noise  a t tenuat ion  at w = .r will  be exp (-fl), because  
the second t e r m  in (9) then approaches  ze ro .  

P a r a m e t e r  fl, which c h a r a c t e r i z e s  the m a x i m u m  at tenuat ion of noise  in a t e m p e r a t u r e  i n t eg ra to r ,  
m a y  a l so  be cal led the i n t e r ac t i on  p a r a m e t e r ,  as i t  d e t e r m i n e s  the r a t e  of heat  t r a n s f e r  f r o m  the heat  c a r -  
rying fluid to the TI ma t e r i a l .  

We wil l  now cons ide r  a few spec ia l  ca se s .  Up to f r e q u e n c i e s  de t e rmined  f r o m  the inequal i ty  

1 > ]K (ic0)I> ex p (--~), (11) 

the a m p l i t u d e - f r e q u e n c y  c h a r a c t e r i s t i c  K(w) and the p h a s e - f r e q u e n c y  c h a r a c t e r i s t i c  A q)(w) of a t e m p e r a -  
t u re  i n t e g r a t o r  can, accord ing  to (9), be e x p r e s s e d  as 

K@) = fie 1 / ( N ~  + N~)[i - -2exp  (--fi)cosoTf + exp (--2g)l 
(12) V [[3N~ --co 2 -rf ~ml~@ [~o[8 (Tm + ,of) + [3N~I 2 ' 

'-(J- 
aqD (co) = ( -  if 

I 

Be ~ ( B I  A1 ) (13) arctg A2 (--1) 7 ( ' -  ~ ) "  arctg ~T1] q - V  IBll 
I&l , IAII ' 

where  N 1 and N 2 a re ,  r e spec t i ve ly ,  the r e a l  and the i m a g i n a r y  pa r t  of N(iw), 

If a 2 = m or b = % then 

A1 = N1 [ 1 - -  exp (--~) cos ~o'cf l - -  N~ exp (--13) sin mz f; 

A 2 = N~ exp (--I~) sin ~o-c f @ N2 [ 1 - -  exp (--D cos ~T f 1; 

B x = [52N1--r ~f Trn; 

B e = co N (Tf @ ~m)-{- ~eNe" 

N fro) = 1 - -  exp (--  [8 - -  ir f) 

and ins tead of (12)-(13) we have,  r e s p e c t i v e l y ,  f o r  exp (-/3) << 1 

1 - -  032 

I 
2 T ~ 2  - 1 2 , - - y  

13 (~f + 2Tm)t § 

(14) 

( 1 5 )  
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where  

1 ~ C l  " 

arctg C~ a ( 1 _  C l ) 
IC, l ~- IC, l ' 

C1 ~ 1--r ~ Tf (~f + 2 ~ ;  

~o~ ( ~f '/~ ~m---~o('%+ "~e). C, 
\ 

(16) 

When/3 = % (15) b e c o m e s  

1 

K (r = V.]_ _}_ toe (Xmq_ x f)z , 

which c o r r e s p o n d s  to an inf ini te ly  high t h e r m a l  di f fus ivi ty  o f  the TI m a t e r i a l  [1]. 

A c o m p a r i s o n  will  show that,  when/3 > 1 / 3 ,  e x p r e s s i o n  (15) d ive rges  f r o m  the s imp le  e x p r e s s i o n  
(17) f o r  an ideal  ine r t i a  e l e m e n t  at f r equenc i e s  ~o 

V ~f (~f q-2r, m) 

We note that, as an approx imat ion ,  the f r e q u e n c y  c h a r a c t e r i s t i c s  (15) and (16) can  be used a l so  in 
the fol lowing s i tua t ions .  

1. Si tuat ions of the kind where  a 2 = ~ ,  when the roo t s  of Eq. (10) s a t i s fy  the inequal i t ies  [ r l [  >> t r~l 
and I r l l  >> Ira] , wil l  occur ,  if  

(17) 

a,~m ~' + ,o'~} 
b ~o4x~ -~ ~ 2 9 Xm~- o~ ~Xm(~m~- xf) 

sa t i s fy  the inequal i t ies  k 1 > 1 and k 2 > 1. Quant i t ies  k 1 and k 2 define the conve rgence  of (15) and 
(16) to (12) and (13), r e spec t ive ly .  If k 1 = k 2 = % then (15) and (16) will  be the f r e q u e n c y  c h a r -  
a c t e r i s t i c s .  

2. Situations of the kind where  b = *% when the roo t s  r 1 ~ - r  2 and r 3 sa t i s fy  the inequal i t ies  l rl[ 

>> I r31, l r2[ >> It31, 

r e b 1/--15 - -  im'~ m 

will occur ,  if quant i t ies  l j  (j = 1, 2 ,  3, 4, 5) defined as 

l 1 

I/'p ~ 4.- o~.~ 

< + ;I' 
3 

*rn] J 
b 2 ~2 , ~ 2 T c o x  m 

[3 ~ - -  ~ ~ 13 ~ + ~o~} 

12 = 

V ( 2 2 ,4- a TmCO [ 1 ~-  e x p  (--[5)1 g - ~ 2  + co2~} r 13 2 1 + -~f- ] 2 
. -r m / 
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7 
/ b 

[5  ' ~ -  5 - -  2 ' 

a + + 1 + 
-c m 

sa t i s fy  the inequaUties  l j  > 1. Quant i t ies  lj define the conve rgence  of (15) and (16) to (12) and 
(la), r e spec t ive ly .  If lj = % then the f r equency  c h a r a c t e r i s t i c s  (12) and (13) become  ident ica l  
to (15) and (16), r e spec t ive ly .  

The e x p r e s s i o n s  fo r  kl, k2, and l j  take into account  the g iven re la t ions  be tween the roo t s  r e p r e s e n t e d  
in t e r m s  of TI p a r a m e t e r s  and f r e q u e n c y  w; they a l so  take into account  that r ep lac ing  (7a) by (14) r e su l t s  
in an e r r o r  which is a funct ion of kt, k2, lj but  b e c o m e s  z e r o  when k t = k 2 = tj = .~. 

The a m p l i t u d e - f r e q u e n c y  and the p h a s e - f r e q u e n c y  c h a r a c t e r i s t i c s  of a t e m p e r a t u r e  i n t e g r a t o r  with a 2 
= 0 become  

, co..T2[3 / 
K@) = exp [ . . . .  o �9 

, 13 ~ + o),~m)' (18) 

( ' "t'm~2" ) (19)  
k(p (@ . . . .  ~o "rf ~ 18 = q-' o)~,:rn -~ 

and a re  m o r e  convenient ly  found d i r e c t l y  f r o m  s y s t e m  (3)-(4) with a 2 = 0 in (4). 

F o r  a ve r i f i ca t i on  of the f r equency  c h a r a c t e r i s t i c s  (15) and (16), cu rves  have been plotted f o r  a t e m -  
p e r a t u r e  i n t e g r a t o r  (test a c c u r a c y  within 20%) which is used in a c i r c u l a r  i n s t r u m e n t  fo r  m e a s u r i n g  the 
r ad ia t ion  power  of opt ica l  quantum g e n e r a t o r s .  

This t e m p e r a t u r e  i n t e g r a t o r  was made  of a luminum into a r e c t a n g u l a r  para le l lep iped ,  with b a r r i e r s  
ins ta l led  ins ide  along the path of the fluid s t r e a m  so as to lengthen the path by z igzagging  and thus to m a x i -  
mize  the su r f ace  a r e a  of t he rm a l  i n t e rac t ion  between the heat  c a r r y i n g  fluid and, the TI ma te r i a l .  In o r d e r  
to i n c r e a s e  the conductance  of the TI volume,  these b a r r i e r s  w e r e  joined by rods  running pa ra l l e i  to the 
i n l e t - o u t l e t  d i rec t ion .  This b rought  the c h a r a c t e r i s t i c s  of the t e m p e r a t u r e  i n t e g r a t o r  c l o s e r  to the c h a r -  
a c t e r i s t i c s  of the m o s t  e f fec t ive  ideal  t e m p e r a t u r e  i n t e g r a t o r  (17). The t ime cons tants  of the t e m p e r a t u r e  
i n t e g r a t o r  w e r e  in this case  r f  = 500 s e c  and r m = 440 sec .  

In Fig.  1 a r e  shown the theore t i ca l  and the expe r imen ta l  f r equency  c h a r a c t e r i s t i c s  of the tes ted de -  
vice .  Curve  1 is the m e a s u r e d  a m p l i t u d e - f r e q u e n c y  c h a r a c t e r i s t i c  and cu rve  3 is the m e a s u r e d  p h a s e - f r e -  
quency  c h a r a c t e r i s t i c  of this t e m p e r a t u r e  i n t eg ra to r .  The theore t i ca l  a m p l i t u d e - f r e q u e n c y  c h a r a c t e r i s t i c  
(curve 2) and p h a s e - f r e q u e n c y  c h a r a c t e r i s t i c  (curve 4) have been  ca lcula ted  by f o r m u l a s  (15) and (16), r e -  
spec t ive ly .  They  have been  plotted with the ef fec t ive  value /3E, which takes  into account ,  to the f i r s t  ap -  
p rox imat ion ,  the d i f f e rences  be tween the TI model  (15)-(16) and the tes t  Th 

~g = (~ ('~f + 2"rm), (20) 

where woo is the measured frequency at which the phase characteristic crosses 90 ~ . 

Formula (20) for flEhas been derived from the condition that a phase shift of 90 ~ occurs at frequency 
,.O9o on both the measured and the calculated characteristic ("tie-in" at one point). 

Thus, with the aid of these theoretical characteristics, one can adequately well explain the trend 
of the measured temperature integrator characteristic. 

Ki ,) 

o,e 

go 

50- 

! 

/o- 

tho Fig.  1. F r e q u e n c y  c h a r a c t e r -  
i s t i c s  of the t e m p e r a t u r e  in t e -  

aO g ra to r :  ~o (~ w ( r a d / s e c ) .  

0 
c o  
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We note that these r e su l t s  yield an analyt ical  exp res s ion  for  the t e m p e r a t u r e  dis t r ibut ion along a thin 
rec tangula r  s t r ip  of heat  conducting m a t e r i a l  and also in the s t r e am,  when the t e m p e r a t u r e  at the inlet  to 
the device va r i e s  a rb i t r a r i ly .  

N O T A T I O N  

c is the specif ic  heat  of heat  ca r ry ing  fluid; 
v is the volume flow ra te  of heat  ca r ry ing  fluid; 
7 is the density of heat  ca r ry ing  fluid; 
C m is the heat  capaci ty  of heat conducting ma te r i a l  of t empe ra tu r e  in tegra tor ;  
Cf is the heat  capaci ty  of heat ca r ry ing  fluid inside the TI volume; 

is the coefficient  of heat t r ans f e r  at c o n d u c t o r - c a r r i e r  in ter face;  
a 2 is the t he rma l  diffusivity of heat  conducting mate r ia l ;  
k 
b , l ,  m 

p 
T(X, t) 

U(x, t) 

To(t) 
T e (t) 
TL(X, P) 
UL(X, P) 
T0(P) 
Te(p) 

is the the rma l  conductivity of h e a t  conducting ma te r i a l ;  
a re  the length, width, and thickness of t e m p e r a t u r e  in tegra tor ;  
is the in terac t ion  p a r a m e t e r ;  
is the complex var iable ;  
is the t e m p e r a t u r e  of heat  c a r r i e r  as a function of t ime and the length coordinate in the d i r e c -  
tion of flow; 
is the  t empe ra tu r e  of the heat  conductor as a function of t ime and the length coordinate i n  the 
di rect ion of flow; 
is  the t empera tu re  at the TI  inlet as a function of t ime; 
is the t empera tu re  at the TI outlet as a function of t ime;  
is the Laplace t r a n s f o r m  of function T(x, t); 
is the Laplace t r a n s f o r m  of function U(x, t); 
is the Laplace t r a n s f o r m  of function T0(t); 
is the Laplace t r ans fo rm of function T e(t). 

1~ 
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